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Abstract—The common computation in elliptic curve cryptography (ECC), aP þ bQ, is performed by extending Shamir’s method for

the computation of the product of powers of two elements in a group. The complexity of computing aP þ bQ is dependent on the joint

weight of the binary expansion of positive integers a and b. In this paper, we give a method of finding a minimum joint weight signed-

binary representation of a pair of integers. Our method examines the integers a and b from left to right, thereby making the conversion

to signed-binary form compatible with Shamir’s method. This reduces the memory required to perform the computation of aP þ bQ.

Index Terms—Public-key cryptography, elliptic curve cryptography, elliptic scalar multiplication, recoding of integers, joint sparse

form.
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1 INTRODUCTION

IN [2], Joye and Yen described a left-to-right method to
find an optimal weight signed-binary representation of an

integer k. The signed-binary representation of an integer
contains the digits 0, 1, or -1 (also referred to as �11) in its
expansion. The signed-binary representation of an integer k
is used to compute kP , where P is a point on an elliptic
curve. The signed-binary representation of L-bit integers
can have lower average weight (the number of nonzero
digits) than a binary expansion, which has an average
weight of L=2. The computation of kP , also known as the
elliptic scalar multiplication operation [3], [4], [5], is
performed using Shamir’s method [6]. The complexity of
Shamir’s method depends on the weight of the signed-
binary representation of k. Hence, finding a signed-binary
representation that reduces the weight of k is very
important. Shamir’s method scans the binary expansion of
k from the most significant digit to the least significant digit
(left-to-right). Finding a left-to-right method to convert the
binary expansion of k to a signed-binary form implies that
this conversion and Shamir’s method can be performed in
tandem. However, a right-to-left algorithm to convert the
binary expansion of k to signed-binary would imply first
converting k to signed-binary and then using Shamir’s
method for computing kP . The NAF method (Non Adjacent
Form [3]), which is a right-to-left method to convert the
binary expansion of an integer k to a signed-binary form,
results in an average weight of L=3. Joye and Yen’s method
[2] results in the same weight but is a left-to-right method.

The digital signature algorithm requires the computation
of aP þ bQ, where a and b are integers and P and Q are
points on an elliptic curve. Computing kP (commonly used
in all ECC protocols) can also be expressed as aP þ bQ,
where k ¼ aþ b2s and Q ¼ 2sP . Shamir’s method is again
used to compute aP þ bQ. The joint weight of the integers a

and b determines the speed of the computation. The joint
weight is the number of nonzero columns when the binary
expansion of two integers is written one below the other.
For example, the joint weight of 57 and 22 in their binary
expansion is 6, as seen below.

57 ¼ 1 1 1 0 0 1

22 ¼ 0 1 0 1 1 0:

Example 1. Suppose a ¼ 57 and has a signed-binary
representation of ð100�11001Þ; b ¼ 22 and has a signed-
binary representation of ð10�110�110Þ. Table 1 shows the
process of computing aP þ bQ using Shamir’s Method.

The JSF recoding (Joint Sparse Form[1] isdescribedbelow)

of a and b are shown in the first two rows of the table. In order

to compute57P þ 22Q,we start fromthe leftmost columnand

go to the rightmost column. The first entry in the row labeled

“Double” is 0 (this is the entry in the third row of the leftmost

nonzero column). The entry in the third row doubles the

bottommost entry in the column to its left. The entries in the

other rows of a column are formed based on the bits of a and b

in that column. If the bit of a in a column is 1, then the entry in

the row labeled “Double” of that column is added to P and

this is entered in the row labeled “þP” of that column. If the

bit of a in a column is �1, then the entry in the row labeled

“Double” of that column is added to �P and this is entered

in the row labeled “�P” of that column. Similar operations

apply to b and Q. The bottommost entry in the rightmost

column contains the desired computation “aP þ bQ.”

It is clear that the number of additions required is

dependent on the joint weight of a and b and the number of

point-doublings required is one less than the number of bits

in a or b. Thus, minimizing the joint weight would speed up

the computation. Note that obtaining �P from P in the

elliptic curve group can be done at negligible cost.

Furthermore, a left-to-right method of finding a signed-

binary representation reduces the amount of memory

required to compute aP þ bQ since it’s compatible with
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Shamir’s method; thus the new representation of a or b does

not need to be stored. Since a and b are large numbers

(greater than 160 bits), this is a very important consideration

in resource-constrained environments like smart cards.

Solinas [1] gave a right-to-left algorithm to compute the

Joint Sparse Form (JSF) of two integers. The JSF of two

integers is unique and results in an optimal joint weight.

Solinas stated that it is impossible to find the JSF of two

integers using a left-to-right method. However, he sug-

gested that there may be a left-to-right method to obtain a

signed-binary representation of two integers that has the

same joint weight as JSF. In this paper, we give such a

method and show that the resulting joint weight is optimal.

The rest of the paper is organized as follows: Section 2

gives our algorithm for computing a signed-binary repre-

sentation of two integers. Section 3 gives a proof for the fact

that the joint weight of the signed-binary representation

obtained from our algorithm is optimal. Properties of our

algorithm are studied in Section 4. Section 5 compares the

time taken to run our algorithm with the time taken to

obtain the JSF.

2 ALGORITHM

There are several known methods to obtain an optimal-

weight signed-binary representation of a single integer. See

[2] for a recent publication in this area. For a pair of

integers, the JSF algorithm [1] is a right-to-left method that

results in optimal joint weight. Recently, this algorithm has

been generalized to the case of more than two integers [7].

In this section, we give a left-to-right method for computing

a signed-binary representation of two integers a and b.

Another left-to-right solution is given by Grabner et al. in

[10]. However, the method in [10] differs from our method

in that it is more complicated and does not minimize the

number of replacements. The method proposed by us is

more practical, much easier to understand, and requires

much less code to implement.

Our method is based on the following observation used

commonly in Booth multiplication [8] of 2’s complement

binary numbers. Let d be an L-bit binary number

ðdL�1; dL�2; . . . :; d1; d0Þ. Then, d can be written as

d ¼ dL�12
ðL�1Þ þ dL�22

ðL�2Þ þ � � � þ d12þ d0:

Since 2x ¼ 2xþ1 � 2x, we can express d as follows:

d ¼ ðdL � 1 � 0Þ2L þ ðdL � 2 � dL � 1Þ2ðL�1Þ þ � � �
þ ðd1 � d2Þ22 þ ðd0 � d1Þ2þ ð0� d0Þ:

d can now be expressed as an ðLþ 1Þ-bit number

d ¼ ððdL�1 � 0Þ; ðdL�2 � dL�1Þ; . . . ; ðd0 � d1Þ; ð0� d0ÞÞ:

Each digit can be 0, 1, or -1. Using the above observation, we

obtain our new recoding for a and b. Let a and b be two L-bit

binary numbers expressed as follows:

a ¼ ðaL�1; aL�2; . . . ; a1; a0Þ:
b ¼ ðbL�1; bL�2; . . . ; b1; b0Þ:

Algorithm 1 gives our method for computing the new

signed-binary representation.

Algorithm 1

1. Convert the binary expansion of a and b into the
intermediate signed-binary (ISB) representation (de-
fined later) P1 and P2:

P1 ¼ ððaL�1 � 0Þ; ðaL�2 � aL�1Þ; . . . ;
ða0 � a1Þ; ð0� a0ÞÞ

P2 ¼ ððbL�1 � 0Þ; ðbL�2 � bL�1Þ; . . . ; ðb0 � b1Þ; ð0� b0ÞÞ:

2. Convert P1 and P2 into Q1 and Q2 by going from left
to right and performing any of the following
replacements. In the replacements shown below,
the top row of digits belongs to P1 and the bottom
row of digits belongs to P2 and x; y 2 f1;�1g. If a
replacement is applied, then discard the columns
that have been replaced and consider the next two or
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three columns for replacement. If no replacement is
possible, then discard one column and consider the
next two or three columns for replacement.

A1:
0x

y�yy

� �
!

0x

0y

� �
or

00

y�yy

� �
!

00

0y

� �

A2:
x�xx

y�yy

� �
!

0x

0y

� �

A3:
x0�xx

0y0

� �
!

0xx

0y0

� �

A4:
x0�xx

y�yy0

� �
!

0xx

0y0

� �
:

Note that if x ¼ 1, then �xx ¼ �1. Also note that if

c1c2c3
d1d2d3

� �
! e1e2e3

f1f2f3

� �

is a replacement, then so is

d1d2d3
c1c2c3

� �
! f1f2f3

e1e2e3

� �
:

This is because it does not matter whether we write

P1 on top or P2.

The two steps of Algorithm 1 can be combined together

by scanning the binary input from left to right only once.

This is illustrated by Algorithm 2, the pseudocode for

Algorithm 1.

Algorithm 2

Input: L-bit binary expansion of a and b:

a ¼ ðaL�1; aL�2; . . . :; a1; a0Þ:
b ¼ ðbL�1; bL�2; . . . :; b1; b0Þ:
Output: ðLþ 1Þ-bit signed-binary representation of a and b

given by u0 and u1:

u0 ¼ ðu0;L; u0;L�1; . . . ; u0;1; u0;0Þ
u1 ¼ ðu1;L; u1;L�1; . . . ; u1;1; u1;0Þ:
1. u0;L  aL�1 � 0

2. u1;L  bL�1 � 0

3. for j from L� 1 down to 0 do

3.1. if j > 0 then

3.1.1. u0;j  aj�1 � aj
3.1.2. u1;j  bj�1 � bj
3.2. else

3.2.1. u0;0  0� a0
3.2.2. u1;0  0� b0
3.3. for i from 0 to 1 do

3.3.1. if ui;jþ1 � ui;j ¼ �1 and ðu1�i;jþ1 ¼ 0 or

u1�i;jþ1 � u1�i;j ¼ �1Þ then
3.3.1.1. ui;jþ1  0

3.3.1.2. ui;j  �ui;j

next i

3.4. if j < L� 1 then

3.4.1. for i from 0 to 1 do
3.4.1.1. if ui;jþ2 � ui;j ¼ �1 and ui;jþ1 ¼ 0 and u1�i;jþ2 ¼ 0

and u1�i;jþ1 6¼ 0 and u1�i;j ¼ 0 then

3.4.1.1.1. ui;jþ2  0

3.4.1.1.2. ui;jþ1  �ui;j

3.4.1.1.3. ui;j  �ui;j

3.4.1.2. else if ui;jþ2 � ui;j ¼ �1 and ui;jþ1 ¼ 0 and
u1�i;j ¼ 0 and u1�i;jþ2 � u1�i;jþ1 ¼ �1 then

3.4.1.2.1. ui;jþ1  ui;jþ2
3.4.1.2.2. ui;j  ui;jþ2
3.4.1.2.3. ui;jþ2  0

3.4.1.2.4. u1�i;jþ1  �u1�i;jþ1
3.4.1.2.5. u1�i;jþ2  0

next i

next j

Algorithm 2 can be combined with Shamir’s method for
computing aP þ bQ, thereby eliminating the necessity for
storing Q1 and Q2, the output of Algorithm 2.

Example 2. Suppose a ¼ 6; 699 and b ¼ 4; 846. The binary
expansion of a and b is given by

a
b

� �
¼ 1101000101011

1001011101110

� �
:

The joint weight is 10. Applying Step 1 of Algorithm 1,
we have

P1

P2

� �
¼ 10�111�11001�111�1110�11

1�1101�11100�11100�110

� �
:

Now, the joint weight is 13. Applying Step 2 of
Algorithm 1, we have

Q1

Q2

� �
¼ 01101000110�110�11

01001100�11100�110

� �
:

Now the joint weight is 9. The leftmost three columns of

P1

P2

� �

have been replaced using replacement A3, the two
columns after that have used replacement A2, and so
on. Note that the JSF of 6,699 and 4,846 is given by

a
b

� �
JSF

¼ 011010010�11�11011
010011000�1100�110

� �
:

The joint weight is also 9. Although the JSF may differ
from the output of our method, both methods result in
minimum joint weight.

3 PROOF OF OPTIMALITY

In this section, we prove the optimality of Algorithm 1
(optimality in this case implies minimum joint weight). The
outline of the proof is as follows: We first take any signed-
binary representation of two integers with joint weight w0.
We convert this representation to an intermediate signed-
binary (ISB) representation (defined later) with a joint weight
of w1. This ISB representation is then the input to Step 2 of
Algorithm 1, the output of which has a joint weight ofw2. We
will prove thatw2 � w0. In otherwords, the jointweight of the
two integers resulting from ourmethod is always less than or
equal to the joint weight of the original signed-binary
representation that we started with. However, the ISB
representation of two integers and the output of Algorithm 1
are unique regardless of the signed-binary representation
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that we startedwith. Note that, for a fixed set of two integers,

there are several signed-binary representations and the ISB

representation is one of them. Therefore, if we started with a

JSF representation converted this to ISB, which is unique for

the two integers, and then input this to Step 2 of Algorithm 1,

the outputwould have a jointweight that is less than or equal

to the JSF input. This proves that Algorithm 1 produces an

output with optimal joint weight because the JSF representa-

tion has optimal joint weight. The outline of the proof is

shown in Fig. 1.
Inwhat follows, we first define the signed-binary (SB) and

the intermediate signed-binary (ISB) representations. We

then prove the existence and uniqueness of the

ISB representation. We then give an algorithm to convert

any SB representation to ISB. Finally, we prove that w2 � w0.

3.1 Intermediate Signed-Binary (ISB)
Representation

Definition 1. A signed-binary (SB) representation of an integer

k � 0 is a representation which contain the digits 0, 1 or -1.

The SB representation of a nonnegative integer is not

unique. We write the SB representation of one integer below

another to form a table with two rows. The SB table for

these two integers is not unique either. Among all the SB

representations of two integers, we are looking for the one

with minimum joint weight.
One kind of SB representation is the Intermediate SB.

This is defined below.

Definition 2. An Intermediate SB (ISB) representation of an

integer k � 0 satisfies the following properties:

1. The sequence 10 . . . 01 does not occur anywhere in the
ISB representation of k, where the number of zeros is
greater than or equal to 0.

2. The sequence �110 . . . 0�11 does not occur anywhere in the
ISB representation of k, where the number of zeros is
greater than or equal to 0.

3. The leftmost nonzero digit is 1 and the rightmost
nonzero digit is �11.

Example 3. Let k ¼ 53, the binary expansion of k is ð110101Þ.
The ISB representation of k is ð10�111�111�11Þ. Another SB
representation of 53 is ð100�11�111�11Þ. However, this is not the
ISB representation as it contains two consecutive �11s, thus
not satisfying Property 2 of Definition 2.

Algorithm 3 converts the binary expansion to the ISB
representation, while Algorithm 4 converts the ISB repre-
sentation to the binary expansion.

Algorithm 3

Input: L-bit binary expansion ðkL�1; kL�2; . . . ; k1; k0Þ of an

integer k � 0.
Output: The ISB representation ðKL;KL�1; . . . ; K1; K0Þ of k.
kL  0

k�1  0

for j from L down to 0 do

Kj  kj�1 � kj
next j

Note that Step 1 of Algorithm 1 is equivalent to
Algorithm 3. Thus, the output of Step 1 of Algorithm 1, P1

and P2, is the ISB representation of a and b.

Algorithm 4

Input: ðLþ 1Þ-bit ISB representation ðKL;KL�1; . . . ; K1; K0Þ
of an integer k � 0.

Output: The binary expansion ðkL�1; kL�2; . . . ; k1; k0Þ of k.
kL  0

for j from L� 1 down to 0 do
kj  kjþ1 þKjþ1

next j

Lemma 1. The ISB representation of an integer k � 0 exists and
is unique.

Proof. The existence of the ISB representation is proven by
Algorithm 3. Algorithm 4 is the inverse algorithm of
Algorithm 3 and vice versa. Both algorithms are
deterministic algorithms. This implies that they yield a
bijection between the binary expansion and the ISB
representation. This immediately implies uniqueness of
the ISB representation and correctness of Algorithm 4.tu

Algorithm 5 converts any SB representation of an integer
k � 0 to its ISB representation.

Algorithm 5

Input: Any SB representation of an integer k � 0.

Output: The ISB representation of k.

Scan the SB representation of k from left to right. After

each replacement given below, remove the leftmost digit

and consider the remaining representation for further

replacements.

R1. Replace any subsequence S ¼ 0x00 . . . 0x by the
subsequence R ¼ x�xx00 . . . 0x. Both S and R have n bits

and n � 3 and x 2 f1;�1g.
R2. Replace any subsequence S ¼ �xxx00 . . . 0x by the

subsequence R ¼ 0�xx00 . . . 0x. Both S and R have n bits

and n � 3 and x 2 f1;�1g.
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R3. If the rightmost nonzero bit is 1, then perform one of the
following two replacements on the rightmost nonzero bit

and the bit to its left.

R3a. Replace S ¼ 01 by R ¼ 1�11.

R3b. Replace S ¼ �111 by R ¼ 0�11.

If Algorithm 5 produces a representation which contains

10 . . . 01 or �110 . . . 0�11, then one could use replacements R1

through R3 repeatedly to remove any occurrence of such

sequences, thus resulting in the ISB representation. There-

fore, Algorithm 5 must produce the ISB representation of its

input. Note that the replacements R1 and R3a could result

in an increase in the joint weight. This is because a zero in

the original subsequence S is replaced by a 1 or -1 in these

replacements. The replacements R2 and R3b will never

result in an increase in the joint weight.

Example 4. One SB representation of 45 is ð1�110�11�11101Þ. This
can be converted to the ISB representation ð01�1110�111�11Þ
using the following steps. The underlined bits indicate a

replacement.
Step 1:

ð1�110�11�11101Þ �!R2 ð010�11�11101Þ:

Step 2:

ð01 0�11�11101Þ �!R1 ð01 �1101 101Þ:

Step 3:

ð01 �11 011 01Þ �!R1 ð01 �11 10�1101Þ:

Step 4:

ð01 �1110�1101Þ �!R3a ð01 �1110�111�11Þ:

3.2 Optimality

AnySBrepresentationof two integers (referred to as “original

SB” below) with joint weight w0 is first converted to their ISB

representation (referred to as “ISB” below) with joint weight

w1 and then input to Step 2 of Algorithm 1. Step 2 of

Algorithm 1 then scans the ISB representation of the two

integers from left to right, performs appropriate replace-

ments A1 through A4, and outputs an SB representation

(referred to as “output SB” below) with joint weight w2.
We first introduce some lemmas and then show that

w2 � w0.

Lemma 2. If some bit is 0 in the original SB representation and

Algorithm 5 converts it to x (x 2 f1;�1g), then, in the ISB

representation, there exists an �xx to its right.

Proof. Recall that R1 and R3a are the only replacements that

convert 0 to x (x 2 f1;�1g). By observing R1 and R3a,

one can see that, in either case, the sequence R contains

an �xx to the right of the bit which is originally 0 and

replaced by x. Now, we consider R2, which may be

applied after applying R1. Suppose the leftmost nonzero

bit of a sequence S is x. If S is input to R2, then the

leftmost nonzero bit of the sequence R remains x. This

proves Lemma 2. tu

Lemma 3. If any three consecutive columns of ISB, with at least
one row of the form x0�xx or x00 (x 2 f1;�1g), are input to
Step 2 of Algorithm 1, then, among the three consecutive
columns of the output SB, there is at least one zero column.

Proof. If there is at least one zero column in the three
consecutive columns of ISB, then the conclusion holds
since Step 2 of Algorithm 1 never converts a zero column
to nonzero. Thus, we consider the cases where all three
consecutive columns are nonzero. All such input
combinations are listed in Table 2 (x; y 2 f1;�1g).

In each case, the output SB contains at least one zero
column. tu

Lemma 4. If any two consecutive columns of ISB, with at least
one row of the form x�xx and the other row not of the form y0
(x; y 2 f1;�1g), are input to Step 2 of Algorithm 1, then,
among the two consecutive columns of the output SB, there is
at least one zero column.

Proof. All such input combinations are listed in Table 3
(x; y 2 f1;�1g). Note that the cases where either row is of
the form y0 are discussed in Lemma 3.

In each case, the output SB contains at least one zero
column. tu

Theorem 1. The SB representation of two nonnegative integers
resulting from Algorithm 1 is unique.

Proof. Algorithm 1 is a deterministic algorithm. It applies
fixed operations to certain sequences of digits and does
not include any alternative operation for the same
input. tu

We now state the crucial result of this paper.
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Theorem 2. w2 � w0.

Proof. We compare the original SB with ISB column-by-

column from left to right. If one column is a zero column

in the original SB but, after applying Algorithm 5,

becomes a nonzero column in ISB (this is named an

“increased column”), then we examine ISB and

1. Mark the row(s) with the bit in the increased
column converted from 0 to 1/-1. This is named
an “increased bit.”

2. For each marked row, find the next nonzero bit to
the right of the increased bit. By Lemma 2, the
desired nonzero bit must exist. Among themarked
rows, let the largest distance between the increased
bit and next nonzero bit be ðp� 1Þ, i.e.,

x 0 . . . . . . 0|fflfflfflfflffl{zfflfflfflfflffl}
ðp�1Þ0s

�xx;

where x 2 f1;�1g and p � 1.

Let the joint weight of the ðpþ 1Þ columns of the
original SB be wp0, the joint weight of the ðpþ 1Þ columns
of ISB be wp1, and the joint weight of the ðpþ 1Þ columns
of the output SB be wp2. We have wp2 � wp1 because Step 2
of Algorithm 1 never converts a zero column to nonzero.
Since a subsequence with the form x00 . . . 0�xx in ISB,
where x is originally a zero before converting, must come
from either 0xx . . .xx (by first applying R1 once and then
repeatedly applying R2) or 0x (by applying R3a once),
we have wp0 ¼ p and the joint weight increases by at
most 1 within the ðpþ 1Þ columns of ISB. i.e.,
wp1 � wp0 þ 1.

We now examine the ðpþ 1Þ columns of ISB.
If there exists at least one zero column in the ðpþ 1Þ

columns of ISB, i.e., wp1 � p, then we have
wp2 � wp1 � p ¼ wp0.

If all the ðpþ 1) columns of ISB are nonzero, then let
us consider two cases.

Case 1: p � 2, i.e., at least one row is of the form
x0�xx � � � or x00 � � � .

By Lemma 3, Step 2 of Algorithm 1 results in at least
one zero column out of three consecutive columns of ISB.
Therefore, wp1 � p. So, we have wp2 � wp1 � p ¼ wp0.

Case 2: p ¼ 1, i.e., at least one row is of the form x�xx � � �
and the other row is not of the form y0 � � � .

By Lemma 4, Step 2 of Algorithm 1 results in at least
one zero column out of two consecutive columns of ISB.
Therefore, wp1 � p. So, we have wp2 � wp1 � p ¼ wp0.

From the above discussions, we have shown that
wp2 � wp0 holds in all cases. Recall that we are comparing
the original SB with ISB column by column from left to
right and looking for those columns that are zero in the
original SB, but nonzero in ISB. For each such increased
column and the p columns to its right, wp2 � wp0 holds,
therefore w2 � w0 holds. tu

Corollary. The SB representation of a pair of nonnegative
integers resulting from Algorithm 1 has the minimum joint
weight among any SB representations of the given pair of
integers.

Proof. This is a direct consequence of Theorem 2. tu

4 PROPERTIES

In this section, we study some properties of the
SB representation resulting from our method.

Theorem 3. The average joint weight among all SB representa-
tions of a pair of L-bit nonnegative integers resulting from
Algorithm 1 is L=2.

Proof. Solinas [1] proved that the JSF has an average joint
weight of L=2. Since the output SB of Algorithm 1 always
has the same joint weight as the JSF, the average joint
weight of the SB representations resulting from Algo-
rithm 1 is also L=2. tu

Lemma 5. If any three consecutive columns of ISB are input to
Step 2 of Algorithm 1, then, among the three consecutive
columns of the output SB, there is at least one zero column.

Proof. This is a direct consequence of Lemma 3 and
Lemma 4. tu

Theorem 4. Among every five consecutive columns of the
SB representation resulting from Algorithm 1, there is at least
one zero column.

Proof. By Lemma 5, in the worst case, Algorithm 1 makes
the leftmost column of three consecutive nonzero
columns of ISB a zero column. Then, the remaining
two nonzero columns of ISB that have been replaced are
skipped. If we are unlucky enough, then the next two
columns of ISB that will be looked at might be all
nonzero and impossible to be replaced at all. Thus, in the
worst case, only one zero column results out of five
consecutive columns. tu

5 SIMULATION AND CONCLUSION

Our method scans the SB representation at most three
columns at a time from left to right, thus, to compute
aP þ bQ, the memory required is only three SB bits for each
integer. While using the JSF algorithm, the whole repre-
sentation needs to be stored in memory before computing
aP þ bQ. Thus, the memory required is ðLþ 1Þ SB bits for
each integer, where L is usually larger than 160. Concerning
the hardware overhead, our method is superior to the
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JSF algorithm because it results in a significant decrease in
memory usage.

Our method can easily be implemented in hardware as a
sequential circuit with the bits of a and b as input (the most
significant bits are input first). However, this is not the case
with the JSF algorithm.

In order to find the efficiency of the JSF algorithm and
our method, we have simulated both methods. Table 4 gives
the results. Each row of the table is obtained by randomly
generating one million pairs of L-bit binary numbers and
computing the average joint weights obtained from the
JSF algorithm and from Algorithm 2. The first column gives
the length of the binary expansion, L. The second column
gives the average joint weights obtained from the
JSF algorithm and the third column gives the average joint
weights obtained from Algorithm 2. The last two columns
give the execution time of the JSF algorithm and Algorithm 2
on a Pentium 4 Mobile, 1.8 GHz processor. The last five
rows in Table 4 correspond to the size of field elements for
the elliptic curves defined by NIST [9].

From Table 4, we see that the joint weights obtained from
both the JSF algorithm and Algorithm 2 are approximately
L=2. The entries in the fourth and fifth columns in Table 4
show that Algorithm 2 takes less operating time than the
JSF algorithm does.

We have presented a left-to-right method to obtain the
signed-binary representation of a pair of integers that
results in optimal joint weight. Our algorithm leads to
lower hardware overhead as well as better performance in

both hardware and software. Our method can be easily

extended to the case of finding an optimal signed-binary

representation of more than two integers.
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