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An Improvement on Constructions 
of GECIAUED Codes 

Rajendra S. Katti and Mario Blaum 

Abstract-A common method of constructing f-error correcting/all 
unidirectional error detecting (t-ECIAUED) codes is to choose a t E C  
code and then to append a tail such that the new code can detect all 
unidirectional errors. The tail is a function of the weight of the 
codeword. We present a technique to reduce the weight distribution of 
the CEC code so that the tail needed will be shorter in some cases. 
The weight distribution span of the code is reduced by eliminating the 
all-zero codeword and replacing it with a codeword of weight greater 
than 2 t +  1. 

Index Terms- Decoding, descending tail matrix, encoding, error 
correcting codes, unidirectional errors, unidirectional error detecting 
codes. 
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1 INTRODUCTION 
THE problem of constructing error correcting/all unidirectional 
error detecting codes has received wide attention in recent literature 
ill,  121, [31, 141, 151, 161, [7], [SI. Applications of these codes are in 
fault detection and correction in memory systems. In this paper we 
restrict ourselves to code construction only. Further motivation 
and background can be found in [21. 

Let X and Y be two n-tuples over GF(2). We denote the number 
of coordinates in which X is 1 and Y is 0 by N(X, Y). For instance, if 
X = 10100 and Y = 12001, then N(X, Y) = 1 and N(Y, X) = 2. Notice 
that the Hamming distance between X and Y is N(X, Y) + N(Y, X). 
The next theorem [41, [71 gives necessary and sufficient conditions 
for t-ECIAUED codes. 

THEOREM 1.1. A code C is a t-EC/AUED code if and only if, for all 
distinct X ,  Y E C, N(X,  Y) t t + 1 and N(Y, X) t t + 1. 

Next, we describe the most common method of constructing 
t-EC/AUED codes 131. The first step is to choose a t-EC code. Given 
k information bits, this would result in an [m, k,  2t + 11 code, where 
m is the length of the t-EC code and 2t + 1 is its minimum distance. 
The second step is to append a tail of length r to each codeword such 
that the code can detect all unidirectional errors. The length of the code is 
then, n = m + r. The tail is a function of the weight of the codeword. 

In this paper, we present a method to decrease Y in some cases 
by reducing the weight distribution span of the code. The method 
is particularly efficient for small values of m and relatively large 
values oft. 

Next we define the tail matrix used to construct a t-ECIAUED 
code [3]. 

DEFINITION 1.1 [TAIL MATRIX1.A descending tail matrix of strength 
s is a p x r {O, 11 - matrix with rows ti, 0 5 i I p - 1, suck that 
for all 0 I i< j I Q - 1, 

N(t,, t i) t min {s, Tcj - i)/21. 
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We denote a p x Y descending tail matrix of strength s by T(p, r; s). 

The next construction [3] provides a method for constructing 
t-EC/AUED codes. 

CONSTRUCTION 1.1 [t-EC/AUED CODES]. Let C’be a t-EC code of 
length m and let T be a T(m + 1, r; t + 1) descending tail matrix 
with rows to, t,, , . ,, t,. Let C be the fiillowing code of length m + r: 

c = { (v ,  t&,) : v E C’) 

where w ( v )  denotes the Hamming weight of v .  Then C is a 
t-EC/AUED code. 

In 111, two techniques to reduce r in some cases were given. In 
this paper we give a third technique to further reduce r. The 
method relies on the replacement of the all-0 codeword with 
another codeword, which reduces the weight distribution span of 
the code in 2t + 1. 
The next section describes the construction of the t-EC/AUED 
code. 

2 CODE CONSTRUCTION 

The construction described in this section depends on the 
replacement of the all-zero codeword by a codeword of 
weight r m / 2 1  in code C: The next algorithm gives the encoding 
procedure: 

ALGORITHM 2.1 [ENCODING PROCEDURE]. Let k be the number of 
information bits. Choose an [m, k + 1,2t + 11 systematic code C’ 
containin the all - 1 vector with in as small as possible and a 
T(r m / 2  f- 2t, r; f + 1) descending tail matrix T with rows ti, 0 
5 i 5 m / 2  - 2t - 1, and r as small as possible. If g is an infor- 
mation vezctor of length k, then is encoded as follows: 

If g # 0,. let CEC’ be the encoding of (g,0) in C :  If 
W(C)  5 Lrn / 21 then encode g as c , otherwise encode it as 

If = 0, then encode g as a (fixed) c E C’ of weight [m / 21 
such that c does not belong in the set of codewords obtained 
in step 1. 
Append to the vector c obtained in steps 1 or 2 the tail 
tw(ij-2f+l, completing the encoding. 

t 1 0 .c_ (in words, as the complement of c 1. 

Notice that (3 is t-EC/AUED since a subset of C’is also t-EC. The 
main difference between the first construction in [l]  or the construc- 
tion in [5J and the above construction is the replacement of the all-0 
codeword from C’ with another codeword. This results in a 
T([m / 21 - 2t, r;  t + 1) matrix instead of a T(Lm / 21+l,r; t + 1) 

matrix. If m is even, since we are using oidy half of the codewords of 
C’in Algorithm 2.1, then, in particular, half of the codewords of 
weight m / 2  are not assigned to information vectors and one of them 
can be chosen to encode the all-zero vector. If m is odd then no 
codeword of weight [m / 21 is assigned to an information vector 
and any codeword with that weight can be chosen to represent the 
all-zero vector. The next example illustrates the construction 
method. 

EXAMPLE 2.1. Assume that k = 3 and 1: = 1. Consider the [7, 4, 31 
Hamming code with systematic generator matrix 
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238 255 13 268 269 
4 15 1 16 19 
11 23 3 26 29 

The codewords with weight at most 3 are 

0000000 

1000011 

0100101 

0010110 

1001 100 

0101010 

0011001 

1110000 

We replace the all zero codeword above by the codeword 
0001111 which has weight 4. Using the descending tail matrix 

T(2,1.;2)=[:), we obtain the code p e n  by the following 

codewords: 

1000011 1 

0100101 1 

0010110 1 

1001100 1 

0101010 1 

0011001 1 

1110000 1 

0001111 0 

This code improves by one bit the code obtained in 151. 
For instance, if we want to encode 011, it gives in a first 
step the vector 0110011. This vector has weight 4, so we 
take its complement, that is, 1001100, which has weight 3. 
We complete the encoding by adding the tail 1, so the final 
encoded vector is 10011001. 

We observe in this example that the same result would 
have been obtained if an [S, 4,4] extended Hamming code 
was used. Notice that the codewords above are codewords 
of weight 4 in the [8,4,4] extended Hamming code. 

The decoding algorithm is essentially as in [51, with an extra step to 
r e c o p e  the A4 information vector. The methods in [11,[31,[51 as well as 
om method, use different weight spans. No single method is the best in all 
cases. Which method gives the best result in term of total redundancy (or, 
with the smallest overall value of n) depends on the partidar value of k 
and on the descending tail matrices available. For instance, Table D: in [l] 
provides the parameters of some of the best descending tal matrices 
known. Our method often ties the best known values of n for a given k, 
and sometimes it even improves those values. Some values of n obtained 
by our method improving those in [11 are p e n  in Table 1. The values of r 
were taken from Table E in [l], except for f = 2 and k = 238 and for t = 4 
and k = 98, in which the value of r were taken from Table VI in 151. Notice 
that the values from Table IX in [11 have a quite linuted range. Very hkely, 
we can find other values of k for which ow method improves or ties the 
existing ones once larger parameters for descending tail matrices are pro- 
vided. The requirement that code C‘ is systematic is not necessary, but it 
makes the encoding and decoding easier (in any case, all linear codes have 
a systematic representation). We use BCH codes (or shortened BCH 
codes) in all cases, except for t = 3 and k = 11, in which we use the Golay 
code. There is akc an implicit assumption that codewords of weight rrn / 21 
exist, but tlvs is always the case with BCH codes and the Golay code [9]. 
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TABLE 1 
SOME VALUES OF TANDK 

FOR WHICH OUR METHOD IMPROVES THE ONES IN [ I ]  

10 15 18 19 
25 31 36 37 

2 6 15 2 17 19 
2 20 31 6 37 38 

15 31 5 36 39 
44 63 9 72 74 
105 127 14 141 142 
51 80 11 91 92 
98 127 17 144 145 

3 CONCLUSION 
We conclude this paper by showing how saving even one bit in a 
t-ECIAUED code results in great savings in the cost of a memory 
system using such a code. Consider a memory system consisting 
of 2” words. Let each word in memory be a codeword in the 
3-EC/AUED code with k = 15 whose parameters are given in 
Table 1. In this case our code results in a codeword length of 36 
bits whereas the construction in [l] gives a codeword length of 39 
bits. Therefore, the memory system using our code would have 3 x 215 
bits less than the memory system using the code in [ll resulting in 
considerable savings in the cost of the memory system. 
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