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A Note on SEC/AUED Codes
Rajendra Katti

Abstract—A common method of constructing single error
correcting/all unidirectional error detecting (SEC/AUED) codes is to
choose a SEC code and then to append a tail such that the new code
‘can detect all unidirectional errors. The tail is a function of the weight
of the codeword. We present a technique to reduce the weight
distribution of the SEC code so that the tail needed is smaller. We aiso
present a new method to construct the tail.

Index Terms—Decoding, descending tail matrix, encoding, error
correcting codes, unidirectional errors, unidirectional error detecting
codes.
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1 INTRODUCTION

THE problem of construction of error correcting/all unidirectional
error detecting codes has received wide attention in recent litera-
ture [1], [2], (3], [4], [5]. Such codes find applications in fault de-
tection in memory systems. In this paper we restrict ourselves to
code construction only. .

Let X and Y be two n-tuples over GF(2). We denote the number
of 1 - 0 crossovers from X to Y by N(X, Y) [2]. The Hamming dis-
tance between X and Y is N(X, Y) + N(Y, X). The next theorem [2]
gives necessary and sufficient conditions for SEC/AUED codes.

THEORIM. A code C is an SEC/AUED code if and only if, for all distinct
X, Ye CNX Y)>2and N(Y, X) 2 2.

Next, we show how such codes can be constructed. The first
step is to construct an SEC code. Given k information bits, this
would result in a, (m, k, 3) code, where m is the number of bits in
each codeword and the code distance is 3. The second step is to
append a tail of length r to each codeword such that the code can de-
tect all unidirectional errors. The length of the code is then, n=m + 1.

- The tail is a function of the weight of the codeword. In this paper
we develop a technique to reduce r by reducing the weight distri-
bution of the code.

We now define a tail matrix and how this matrix can be used to
construct an SEC/AUED code.

TAIL MATRIX. A descending tail matrix of strength s is a p x v {0, 1}-matrix
withrows t, 0<i< (p—1), such that forall 0<i<j<(p-1),
Nit, t) 2 min (5, [~ /2 }.

A p xr descending tail matrix of strength s is denoted T(p, r; s).
SEC/AUED CODE. Let C’ be an SEC code of length m and let T be a
: T(m + 1, 1; 2) descending tail matrix with rows ty t,, ..., t,. Let

C be the following code of length m + 1

C={{v, t,):ve C’}
where w(v) denotes the Hamming weight of v. Then C is an
SEC/AUED code.

In [6] two techniques to reduce r are given. In this paper we
give a technique to further reduce r. The technique relies on the
replacement of the all-0 codeword with another codeword, which
results in weight distribution reduction of 3. The resulting codes

® The author is with the Department of Electrical Engineering, North
Dakota State University, Fargo, ND 58105.
E-mail: katti@plains.nodak.edu.

Manuscript recetved July 6, 1993; revised Sept. 17, 1993.
For information on obtaining reprints of this article, please send e-mail to:
transactions@computer.org, and reference IEEECS Log Number C95188.

IEEE TRANSACTIONS ON COMPUTERS, VOL. 45, NO. 2, FEBRUARY 1996

are nearly systematic. Finally we present a method to construct
tail matrices that relies on a search procedure. i

Section 2 describes the construction of the SEC/AUED code. Sec-
tion 3 describes the encoding and decoding algorithms for the code
constructed in Section 2. Section 4 describes tail matrix construction..

2 CoDE CONSTRUCTION

The code is constructed in the following manner. Let k be the
number of information bits. Then:
1) Choose an (m, k + 1, 3) or an (m, k + 2, 3) code C’ containing
the all-1 vector, such that m'is even and as small as possible.
In this paper we construct C"as Hamming codes.
2) Choose a T((m/2) - 2, r; 2) descending tail matrix T- with
rows t, 0<i<(m/2) -3, and.r as small as possible.
3) Let Cbe the code,

C={(c tyys):ce C,wc)<m/2}

C is SEC/AUED since a subset of C’ is also SEC. The main dif-
ference between the construction in [6] and the above construction
is the replacement of the all-0 codeword from C’ with another
codeword. This results in a T(L%J —2,7;2) matrix instead of a

T(Li;»_l +1,r;2) matrix. This may in turn reduce r by 0, 1, or 2 bits.
EXAMPLE. Assume k = 7. To construct an SEC/AUED code we first

construct the (12, 8, 3) Hamming code whose generator
matrix is, )
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The resulting code C” has codewords of weights 0, 3, 4, 5, 6,
7, 8,9, and 12. To obtain the SEC/AUED code as in [6],
codewords of weights 0, 3, 4, 5, 6 are chosen resulting in a
need for a T(7, r; 2) matrix. The smallest r possible in this
case is 4. However since' m (12 in this case) is even, all
weight 6 codewords are not used. It is therefore possible to
select one of these codewords to represent the all-0 code-
word. Therefore choosing codewords of weights 3, 4, 5, 6 is
enough for constructing the SEC/AUED code. This restits
in a T(4, r; 2) matrix and the smallest r now is 2. The length
of the overall SEC/AUED code is thus 14 instead of 16. The
length of the overall SEC/AUED code obtained from [1] is
also 16. When k is 22, the length of the overall SEC/AUED
code obtained from [1] is 35. The overall SEC/AUED code
length from [6] is 34 and our method results in a code
length of 33. Our method therefore results in a saving of 2
bits as compared to the method in [1] and a saving of 1 bit

as compared to the method in [6], for k =22.
We shall now show how to choose the weight 6 codeword, that
will represent the all-0 codeword, such that decoding is easy. Be-

low we show all the weight 6 codewords in C’.

Part 1:

001100101110
001101100011
001110001011
001111000110
010100001111
010101101001
010110101010
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010111001100
011001000111
011001101100
011011001001
011011100010
100101000111
100101101100
100111001001
100111100010
101000001111
101001101001
101010101010
101011001100
110000101110
110001100011
110010001011
110011000110

Part 2:

001100111001
001101110100
001110011100
001111010001
010100110011
010101010101
010110010110
010111110000
011000011101
011000110110
011010010011
011010111000
100100011101
100100110110
100110010011
100110111000
101000110011
101001010101
101010010110
101011110000
110000111001
110001110100
110010011100
110011010001

These codewords have been split into two parts based on whether
they have a 1 or a 0 in the least significant bit position of the in-
formation part of the codeword. If we number the bits in a code-
word such that the left most bit is numbered 1, then the code-
words in one half of the above codewords have bit-8 equal to 0
and codewords in the other half have bit-8 equal to 1. To form the
SEC/AUED code we choose the following codewords from C’,

1) All codewords with weights 3, 4, 5.

2) All codewords with weight 6 with bit-8 = 0.

3) Any codeword with weight 6 with bit-8 = 1 to represent the

all-0 codeword.

It should be noted that appending two zeros to the information
bits may sometimes result in a reduction of one bit in the overall
size of the codeword. This implies that it is better to append just
one zero and let the all-0 codeword remain in the code.

3 ENCODING AND DECODING
In this section we explain how to encode and decode the data.

The Encoding Algorithm: Let u = (i, 4,, ..., %) be a vector of in-
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formation bits such that at least one u; is not zero.

1) Encode (u,, u,, ..., uy, 0) or (u,, u, ..., u,, 0, 0) into a vector ¢
in C’ such that ¢ contains m bits where m is even. Notice
that two zeros may have to be appended to the information
in order to make m even.

2) if w(c) > m/2 then c « ¢ @ 1, where @ denotes “exclusive-
OR” and the 1 denotes the all-1 vector.

3) Encode (u,, u,, ..., 4, 0) or (u;, Uy ..., 4, 0,0) = (0,0, ..., 0)
into a vector ¢ in C’ such that w(c) = m/2 and u,,, = 1 if
(1 Uy ..., 1, 0) was encoded or u,, = u,,, = 1if (u,, 1, ..., 1, 0,0)
was encoded.

4) Letv = (c, t,,) be the output of the encoder, where t, 0 i<
(m/2) ~ 3, are the rows of T.

The resulting SEC/AUED code is practically systematic since the
first k bits in a codeword v will either be the information bits or
their complements or a set of bits such that w(v) = m/2 with u,,, = 1
(or u,, = u,, = 1) that represents the all-0 information vector. The
decoding algorithm is essentially as in [6], with an extra step to
recognize the all-0 information vector.

The Decoding Algorithm: Let C be the SEC/AUED code. Let T
be the received word and ¢ the first m bits of 7.

1) Decode ¢ with respect to C’. If more that one error, declare
an uncorrectable error. Else let ¢ be the corrected word. If ¢
is an all-0 vector then declare an uncorrectable error.

2) Letw = (c, t,). If d(v,v) > 1 (d denotes Hamming distance),
then declare uncorrectable error.

3) Else, let (1, Uy, ..., uy ty,)) (Or (g, Uy, ..., Uy, U, lhy,,)) be the
(k + 1) (or (k + 2)) information bits from codeword c e C'. If
w(c) =m/2 and u,,, =1 (or 4,,, = u,,, = 1) then the output of
the decoder is an all-0 vector of length k.

4) Else, the output of the decoder is given by the vector of
length k,

U=, @ ey, thy @ Uy, oo, U, D Uy,)
The reader can refer to examples in [6] for further clarification of
the above algorithms.

4 TAiL MATRIX CONSTRUCTION

In this section we give a method to construct tail matrices using a
search procedure. The resulting matrices are better than those
obtained in [1] and [6]. Let us assume that we want to construct
T(m, 1; 2). r is the number of bits in each row of T. Our objective is
to obtain as many rows as possible in T. T is constructed in the
following manner,

1) Partition all r-bit binary numbers into (r + 1) sets s, 0< i<,
such that,

s, = {all r-bit binary numbers, c : w(c) = i}

2) Lettherowsin Tbet,0<i<(m-1). Thent,=(1,1, ..., 1)
(the all-1 vector of length r), and ¢, = (1,1, ..., 1, 0). ¢, con-
tains (r — 1) 1s and one 0.

3) Select t, 2 <j < (m - 1), by searching through s, (where i is as
high as possible) such that the vector selected has as many
1s in common with ¢, and £, as possible and N(t,, t) =1,
N(t,t)=1,and N(t, t) =2 for 0 <k < (j-3).

By searching through s, where i is as high as possible, we con-
struct a T such that w(t) < w(t) for all i > j. This implies that the
lower the position of a row in T, the lesser is its weight. This will
maximize the number of rows in T. Selecting ¢, such that it has as
many 1s in common with ¢, and t,_, will result in maximizing the
number of rows that have a given weight in T.

EXAMPLE 1. Let us construct T(m, 4; 2). Then,
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s, = (0000}
s, = {0001, 0010, 0100, 1000}
s, = {0011, 0101, 0110, 1001, 1010, 1100}
5, = {0111, 1011, 1101, 1110}

5, = (1111}

Therefore, f, = 1111 and #, = 1110. We now look for £, in s, as
all vectors in g, have already been used. The vectors that we
can choose from, are those in s,, namely {0111, 1011, 1101}.
Any one of these vectors can be chosen as £, as each has two
1s in common with ¢, and three 1s in common with £, Let us
choose ¢, as 0111. 1011 and 1101 cannot be considered for
finding £, as N(t,, 1011, or 1101) = 1 and we want N({, £,) =
2. Therefore, we search for £, in s,. £, = 0110 is a vector in s, that
satisfies the conditions in step 3 above as, N{#, t,) = N{#,, £) =1
and N(#, £,) = 2. Continuing in a similar manner we obtain,

1

~
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If we had chosen ¢, as 1101 then we would have obtained T as,

OO OO kb
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L

Notice that the T matrix constructed has nine rows whereas
the T matrix obtained in [1] has eight rows.

EXAMPLE 2. Let us construct T(m, 6; 2). Using the above procedure

we get,

OO0 OOO MR OO O
OHOROOORPROOO QR M
OO0 O NIk i b (O b= e = =
COOR M OOOO O ki i
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COROROHFR QO IR RO RO

The above T matrix has 19 rows whereas the T matrix in [6]
has 18 rows.

5 CONCLUSIONS

We have presented a technique that redtices the weight distribution
in SEC/AUED codeés. This results in smaller lengths of rows in tail
matrices. We have also presented a new technique to construct tail
matrices. Both these techniques result in shorter SEC/AUED codes.
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